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HOMOLOGICAL DIMENSIONS OF SMOOTH AND
COMPLEX ANALYTIC QUANTUM TORI
A. YU. PIRKOVSKII
Abstract. We survey some results on homological dimensions of the algebraic,
complex analytic, and smooth quantum tori. Our main theorem states, in par-
ticular, that the smooth and the complex analytic quantum n-tori have global
dimension n. This contrasts with the result of McConnell and Pettit (1988) who
proved that, in the generic case, the algebraic quantum n-torus has global dimen-
sion 1. In this connection we also formulate some general theorems on homological
dimensions of nuclear Fre´chet algebras.
1. Introduction
By a quantum torus one usually means an associative algebra which is, in a
sense, a “noncommutative deformation” of a function algebra on the n-torus. The
simplest example of a quantum torus is the algebra Aq generated by two invertibles
x, y subject to the relation
xy = qyx (1)
where q is a nonzero scalar. If q = 1 then Aq is just the algebra of Laurent poly-
nomials in two variables or, equivalently, the algebra of regular functions on the
algebraic 2-torus (C×)2, where C× = C \ {0}.
Relations like (1) naturally arise in quantum mechanics and go back to H. Weyl
[40]; sometimes they are referred to as “the canonical commutation relations in
Weyl’s form”. The study of algebraic properties of Aq was apparently initiated by
Wedderburn [39]. Let us note that Aq can be obtained from the Laurent polynomial
algebra A1 via deformation quantization [31]. From this perspective, A1 becomes
the “classical limit” of Aq as q → 1.
Similarly one defines other quantum tori, which are noncommutative analogues of
the algebras of regular, holomorphic, smooth, continuous, and L∞-functions on the
n-torus. Quantum tori play an important roˆle in noncommutative geometry [6, 18]
and in the quantum group theory [3, 17]. They also naturally appear in problems of
quantum physics (quantum Hall effect [6], matrix models in string theory [7], etc.);
see also [32, 38] and references therein.
Thus there are at least five natural versions of quantum tori:
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• the algebraic quantum torus, which is a noncommutative analogue of the
algebra of Laurent polynomials in n variables;
• the complex analytic quantum torus, which is a noncommutative analogue
of the algebra of holomorphic functions on the complex algebraic n-torus
(C×)n;
• the smooth quantum torus, which is a noncommutative analogue of the alge-
bra of smooth functions on the real n-torus Tn;
• the topological quantum torus, which is a noncommutative analogue of the
algebra of continuous functions on Tn;
• the measurable quantum torus, which is a noncommutative analogue of the
algebra of L∞-functions on Tn.
Our goal is to present some results on homological dimensions of the algebraic,
complex analytic, and smooth quantum tori. The results on the algebraic quantum
torus are mostly due to McConnell and Pettit [20] and Brookes [2], while the results
on the complex analytic and smooth quantum tori are due to the author. Before
formulating the results, let us give the definitions of the above-mentioned quantum
tori.
2. Preliminaries
We will work over the field of complex numbers C. All algebras are assumed to
be associative and unital.
2.1. The algebraic quantum torus. Fix a complex n× n-matrix q = (qij)1≤i,j≤n
such that qij = q
−1
ji for all i, j = 1, . . . , n.
Definition 1. The algebraic quantum n-torus is the algebra O reg
q
((C×)n) with gen-
erators x±11 , . . . , x
±1
n and relations
xix
−1
i = x
−1
i xi = 1, xixj = qijxjxi (i, j = 1, . . . , n).
In the commutative case (i.e., in the case where qij = 1 for all i, j), O
reg
q
((C×)n) is
just the algebra of Laurent polynomials in n variables, or, equivalently, the algebra
O
reg((C×)n) of regular (in the sense of algebraic geometry) functions on the algebraic
n-torus (C×)n. In the general case, although O reg
q
((C×)n) is clearly noncommutative,
one can easily show that the monomials xα = xα11 · · ·x
αn
n (where αi ∈ Z) form a basis
of O reg
q
((C×)n), so the underlying vector space of O reg
q
((C×)n) is still the space of
Laurent polynomials. Thus O reg
q
((C×)n) can be viewed as the Laurent polynomial
algebra with a deformed multiplication. As we said above, the study of the algebraic
quantum torus was initiated by Wedderburn [39] in the case n = 2; for the general
case, see [20, 18].
2.2. The complex analytic quantum torus. Let Ohol((C×)n) denote the space
of holomorphic functions on (C×)n endowed with the topology of compact conver-
gence. Clearly, O reg
q
((C×)n) is a dense subspace of Ohol((C×)n). It is natural to ask
whether we can “deform” the usual pointwise multiplication on Ohol((C×)n) in such
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a way that O reg
q
((C×)n) become a subalgebra of Ohol((C×)n). It is easy to see that
the answer is positive provided that |qij| = 1 for all i, j. Indeed, identifying each
function f ∈ Ohol((C×)n) with its Laurent expansion at 0, we get an isomorphism
of topological vector spaces
O
hol((C×)n) ∼=
{
a =
∑
α∈Zn
cαx
α : ‖a‖ρ =
∑
α∈Zn
|cα|ρ
|α| <∞ ∀ρ > 0
}
.
Thus the standard topology on Ohol((C×)n) is identical to the topology determined
by the seminorms {‖ · ‖ρ : ρ > 0}. Now an easy computation shows that if |qij | = 1,
then the multiplication on O reg
q
((C×)n) is continuous with respect to the above
family of seminorms, and hence it uniquely extends by continuity to Ohol((C×)n).
As a result, we get a new multiplication on Ohol((C×)n) making it into a topological
algebra.
Definition 2 ([27]). The algebra Ohol((C×)n) endowed with the above multiplica-
tion is called the complex analytic quantum n-torus and is denoted by Ohol
q
((C×)n).
Remark. In [27] we have shown that Ohol
q
((C×)n) is the Arens–Michael envelope
of O reg
q
((C×)n), i.e., the completion of O reg
q
((C×)n) with respect to the family of all
submultiplicative seminorms. Note that if |qij| 6= 1 for some i, j, then the Arens–
Michael envelope of O reg
q
((C×)n) is zero (loc. cit.).
2.3. The smooth quantum torus. Consider the space C∞(Tn) of smooth func-
tions on the real n-torus Tn. Recall that the standard topology on C∞(Tn) is the
topology of uniform convergence of all derivatives. The restriction map
O
hol((C×)n)→ C∞(Tn), f 7→ f |Tn,
is known to be injective and to have dense range. Therefore Ohol
q
((C×)n) becomes
a dense subspace of C∞(Tn). As above, it is easily seen that the usual pointwise
multiplication on C∞(Tn) can be “deformed” in such a way that Ohol
q
((C×)n) become
a subalgebra of C∞(Tn). Indeed, identifying each function f ∈ C∞(Tn) with its
Fourier expansion, we get an isomorphism of topological vector spaces
C∞(Tn) ∼=
{
a =
∑
α∈Zn
cαx
α : ‖a‖k =
∑
α∈Zn
|cα||α|
k <∞ ∀k ∈ Z+
}
.
Thus the standard topology on Ohol((C×)n) is identical to the topology determined
by the seminorms {‖ · ‖k : k ∈ Z+}. Now an easy computation shows that the
multiplication on Ohol
q
((C×)n) is continuous with respect to the above family of
seminorms, and hence it uniquely extends by continuity to C∞(Tn). As a result, we
get a new multiplication on C∞(Tn) making it into a topological algebra.
Definition 3 (M. Rieffel, [30]). The algebra C∞(Tn) endowed with the above mul-
tiplication is called the smooth quantum n-torus and is denoted by C∞
q
(Tn).
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2.4. The topological quantum torus.
Definition 4 (G. Elliott, [9]). The topological quantum n-torus is the universal C∗-
algebra Cq(T
n) generated by n unitaries u1, . . . , un subject to the relations uiuj =
qijujui (i, j = 1, . . . , n).
If qij = 1 for all i, j, then Cq(T
n) is isometrically ∗-isomorphic to the algebra
C(Tn) of continuous functions on Tn. Note that if n = 2, then Cq(T
n) is the
rotation algebra introduced by M. Rieffel [28].
2.5. The measurable quantum torus. Let (θkl)1≤k,l≤n be a real skew-symmetric
matrix such that qkl = exp(2piiθkl) for all k, l. In what follows we identify T with
R/Z in the standard way. For each k = 1, . . . , n, define a unitary operator Uk on
L2(Tn) by
(Ukf)(x1, . . . , xn) = exp(2piixk)f
(
x1 +
θk1
2
, . . . , xn +
θkn
2
)
(f ∈ L2(Tn)).
An easy computation shows that UkUl = qklUlUk for all k, l. Therefore there exists a
unique ∗-representation pi of Cq(T
n) on L2(Tn) such that pi(uk) = Uk (k = 1, . . . , n).
Definition 5 (N. Weaver, [38]). The weak operator closure of Im pi is called the
measurable quantum torus and is denoted by L∞
q
(Tn).
It is clear from the above definition that if qkl = 1 for all k, l, then L
∞
q
(Tn) is
isomorphic to L∞(Tn).
In summary, for every complex n × n-matrix q = (qij) satisfying qij = q
−1
ji and
|qij | = 1, we have a chain of algebras
O
reg
q
((C×)n) ⊂ Ohol
q
((C×)n) ⊂ C∞
q
(Tn) ⊂ Cq(T
n) ⊂ L∞
q
(Tn).
Below we will concentrate mostly on the complex analytic quantum torusOhol
q
((C×)n)
and on the smooth quantum torus C∞
q
(Tn). In this connection, we will also recall
some related results on the algebraic quantum torus O reg
q
((C×)n), obtained by Mc-
Connell and Pettit [20] and Brookes [2].
Unfortunately, the results we are going to present do not extend to the topological
quantum torus Cq(T
n) and to the measurable quantum torus L∞
q
(Tn). The main
difficulty in studying homological properties of A = Cq(T
n) and A = L∞
q
(Tn) is
that the completed projective tensor product A ⊗̂A is a rather complicated Banach
space. Take, for instance, the simplest situation n = 1, in which case Cq(T
n)
is just the algebra C(T) of continuous functions on the circle. It is known that
C(T) ⊗̂C(T) is a proper subspace of C(T2), and that the projective tensor norm
on C(T) ⊗̂C(T) is strictly stronger than the uniform norm inherited from C(T2).
Moreover, given a function f ∈ C(T2), there is no effective way to determine whether
or not f belongs to C(T) ⊗̂C(T), and even if it does, then there is no effective
way to compute its projective tensor norm. A similar problem occurs with L∞(T).
In contrast, spaces of smooth functions behave well under the projective tensor
product in the sense that, given smooth manifolds M and N , there is a topological
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isomorphism C∞(M) ⊗̂C∞(N) ∼= C∞(M ×N). A similar property holds for spaces
of holomorphic functions on complex manifolds (see [10] for details).
3. Homological dimensions
Homological dimensions of associative algebras can be defined in at least two
different settings. The first one is the classical homological algebra of Cartan and
Eilenberg [4], i.e., homological algebra in categories of modules over rings. The
second one is a version of homological algebra in categories of functional analysis,
specifically in categories of locally convex topological modules over locally convex
topological algebras. This theory, also known as topological homology, was developed
in the early 1970ies by Helemskii (see, e.g., [13]) in the special case of Banach alge-
bras. A few years later a similar theory was independently discovered by Kiehl and
Verdier [16] and by Taylor [34] in the context of more general topological algebras.
Let us briefly recall the basics of this theory. For details, we refer to Helemskii’s
monograph [14].
To be definite, we will work only with Fre´chet modules over Fre´chet algebras.
Recall that a Fre´chet algebra is an algebra A endowed with a topology making A
into a Fre´chet space (i.e., a complete, metrizable locally convex space) in such a way
that the multiplication A× A→ A is continuous. A left Fre´chet A-module is a left
A-module X endowed with a Fre´chet space topology in such a way that the action
A×X → X is continuous. Left Fre´chet A-modules and their continuous morphisms
form a category denoted by A-mod. Given X, Y ∈ A-mod, the space of morphisms
from X to Y will be denoted by hA(X, Y ). The categories mod-A and A-mod-A of
right Fre´chet A-modules and of Fre´chet A-bimodules are defined similarly.
The basic constructions of topological homology mostly parallel their classical
counterparts from [4]. However, there is a crucial difference stemming from the
fact that the categories of Fre´chet modules are not abelian. The difference is that,
instead of considering arbitrary exact sequences of A-modules, one should restrict to
those sequences which are “admissible” in the following sense. An exact sequence of
Fre´chet modules is admissible if it splits in the category of topological vector spaces,
i.e., if it has a contracting homotopy consisting of continuous linear maps. By using
admissible sequences instead of arbitrary exact sequences, one can adapt most basic
notions of the classical homological algebra to the context of Fre´chet modules. For
example, a left Fre´chet A-module P is projective if the functor hA(P,−) is exact in
the sense that it takes admissible sequences of Fre´chet A-modules to exact sequences
of vector spaces. A left Fre´chet A-module F is flat if the projective tensor product
functor (−) ⊗̂A F (see [14]) is exact in the same sense as above. It is known that
every projective Fre´chet module is flat.
A resolution of X ∈ A-mod is a pair (P•, ε) consisting of a nonnegative chain
complex P• in A-mod and a morphism ε : P0 → X making the sequence P•
ε
−→ X → 0
into an admissible complex. If all the Pi’s are projective (respectively, flat), then
(P•, ε) is called a projective resolution (respectively, a flat resolution) of X . It is a
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standard fact that A-mod has enough projectives, i.e., each left Fre´chet A-module
has a projective resolution. The same is true of mod-A and A-mod-A.
By using the above fact, we may define derived functors on A-mod, in particular,
the functors Ext and Tor. Let X be a left Fre´chet A-module, and let P• → X be a
projective resolution of X . Given Y ∈ A-mod, the nth cohomology of the cochain
complex hA(P•, X) is denoted by Ext
n
A(X, Y ). Similarly, if Y ∈ mod-A, then the
nth homology of the chain complex Y ⊗̂A P• is denoted by Tor
A
n (Y,X). The spaces
Ext and Tor do not depend on the choice of the projective resolution P• because all
projective resolutions of X are homotopy equivalent.
An important special case of Tor and Ext is Hochschild homology and cohomology.
Given a Fre´chet A-bimodule X , the space ExtnA−A(A,X) (here “A − A” means
that we are dealing with the Ext functor on A-mod-A) is called the nth Hochschild
cohomology of A with coefficients in X and is denoted by H n(A,X). Similarly,
the nth Hochschild homology of A with coefficients in X is the space Hn(A,X) =
TorA−An (X,A).
Let X ∈ A-mod. The projective homological dimension of X , denoted by dhAX ,
is the least integer n ∈ Z+ such that X has a projective resolution of the form
0← X ← P0 ← P1 ← · · · ← Pn ← 0.
If there is no such n, one sets dhAX = ∞. If we replace the words “projective
resolution” by “flat resolution”, then we get the definition of the weak homologi-
cal dimension of X , denoted w.dhAX . Clearly, we have dhAX = 0 (respectively,
w.dhAX = 0) if and only if X is projective (respectively, flat). Since every projec-
tive module is flat, we clearly have w.dhAX ≤ dhAX . The projective dimension of
X can also be defined as the least integer n ∈ Z+ such that Ext
n+1
A (X, Y ) = 0 for
all Y ∈ A-mod. Similarly, the weak dimension of X is the least integer n ∈ Z+ such
that TorAn+1(Y,X) = 0 and Tor
A
n (Y,X) is Hausdorff for all Y ∈ mod-A.
Given a Fre´chet algebra A, the global dimension and the weak global dimension
of A are defined by
dgA = sup{dhAX |X ∈ A-mod},
w.dgA = sup{w.dhAX |X ∈ A-mod}.
The bidimension and the weak bidimension of A are defined by
dbA = dhA−AA = min{n ∈ Z+ | H
n+1(A,M) = 0 ∀M ∈ A-mod-A}, (2)
w.dbA = w.dhA−AA = min
{
n ∈ Z+
∣∣∣∣ Hn+1(A,M) = 0 andHn(A,M) is Hausdorff ∀M ∈ A-mod-A
}
.
We clearly have w.dgA ≤ dgA and w.dbA ≤ dbA. It is also true (but less obvious)
that dgA ≤ dbA and w.dgA ≤ w.dbA.
Apart from the functional-analytic version of homological algebra that we have
just described, we will also use its purely algebraic prototype, i.e., the Cartan–
Eilenberg homological algebra in categories of modules over algebras not endowed
with any topology. Recall that, in order to define homological dimensions in the
purely algebraic setting, we should repeat the above definitions with admissible
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sequences replaced by exact sequences and the completed projective tensor product,
⊗̂A, replaced by the algebraic tensor product, ⊗A. Also, the conditions that certain
Tor-spaces are required to be Hausdorff (see the above definitions of w.dh and w.db)
are now meaningless and should be omitted. The reason why these conditions are
essential in the Fre´chet algebra setting stems from the fact that the functor ⊗̂A is
not right exact (in contrast to the functor ⊗A), and so ⊗̂A is not isomorphic in
general to the derived functor Tor0.
In what follows, when dealing with homological dimensions of the quantum tori,
we will consider the complex analytic and the smooth quantum tori as Fre´chet
algebras, while the algebraic quantum torus will be considered as “just an algebra”.
Thus, for example, the symbol “dg” will have different meanings when applied to
O reg
q
((C×)n) and to Ohol
q
((C×)n). We hope that this will not lead to confusion.
It turns out that the bidimensions of the quantum tori is much easier to compute
than their global dimensions. The reason is that the Hochschild homology and
cohomology of the quantum tori satisfy a relation resembling the classical Poincare´
isomorphism in the topology of manifolds. This relation was first systematically
studied by M. Van den Bergh [36], so we call it Van den Bergh’s condition.
4. Algebras satisfying Van den Bergh’s condition
Let A be a Fre´chet algebra. A bimodule U ∈ A-mod-A is said to be invertible if
there exists a bimodule U−1 ∈ A-mod-A such that
U ⊗̂
A
U−1 ∼= U−1 ⊗̂
A
U ∼= A
as Fre´chet A-bimodules.
Here is an example of an invertible bimodule. Let α be an automorphism of A.
Denote by Aα the Fre´chet space A with an A-bimodule structure given by
a · b = ab, b · a = bα(a) (a ∈ A, b ∈ Aα).
It is easy to check that Aα is invertible and that A
−1
α = Aα−1 .
Definition 6. We say that A satisfies Van den Bergh’s condition VdB(n) (where
n ∈ N) if there exists an invertible bimodule U ∈ A-mod-A such that
H
i(A,X) ∼= Hn−i(A,U ⊗̂
A
X) for all X ∈ A-mod-A. (3)
The bimodule U will be called a twisting bimodule.
Of course, a similar definition (with ⊗̂A replaced by ⊗A) makes sense for algebras
not endowed with any topology. In this context, the above condition was introduced
and studied by M. Van den Bergh [36]. In the setting of Fre´chet algebras, Van den
Bergh’s condition was first used presumably by the author [25].
Proposition 1. If A satisfies VdB(n), then dbA = n.
Proof. Since Hi ≡ 0 for all i < 0, condition (3) implies that H
i(A,X) = 0 for all
i > n and all X ∈ A-mod-A. This means exactly that dbA ≤ n (see (2)). On
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the other hand, it is known that for each Fre´chet algebra A and each X ∈ A-mod,
Y ∈ mod-A there is an isomorphism Hi(A,X ⊗̂Y ) ∼= Tor
A
i (Y,X). Therefore,
H
n(A,U−1 ⊗̂A) ∼= H0(A,A ⊗̂A) ∼= Tor
A
0 (A,A)
∼= A 6= 0,
which shows that dbA = n. 
Here are some examples of algebras satisfying VdB(n).
Example 1. The polynomial algebra A = C[x1, . . . , xn] satisfies VdB(n) (in the
purely algebraic sense) with U = A. This was first observed apparently by J. L. Tay-
lor [35] and easily follows from the fact that A has a bimodule Koszul resolution.
Example 2. The algebra C∞(D) of smooth functions on an open subset D ⊂ Rn
and the algebra Ohol(D) of holomorphic functions on a polydomain D ⊂ Cn satisfy
VdB(n) (as Fre´chet algebras) with U = A. This was proved by Taylor [35] by using
bimodule Koszul resolutions, like in the previous example. Of course, the main point
here is that the Koszul resolution is not only exact, but is also admissible. Note that
if D ⊂ Cn is a domain of holomorphy, then the bimodule Koszul resolution of O(D)
is still exact [35], but the question of whether it is admissible seems to be open.
Example 3. The algebra C∞(M) of smooth functions on a real manifoldM satisfies
VdB(n) with n = dim(M) and U = T n(M), the module of smooth n-polyvector fields
on M [25].
Example 4. A similar result holds for the algebra of regular functions and for the
algebra of holomorphic functions on a nonsingular affine algebraic variety [26]. It
is tempting to conjecture that the algebra of holomorphic functions on any Stein
manifold M satisfies Van den Bergh’s condition, but this question is open even in
the case where M is a domain of holomorphy in Cn.
For a number of other examples (in the purely algebraic context), see Van den
Bergh’s paper [36]. In particular, he shows that condition VdB(n) holds for many
Koszul algebras and for many “almost commutative” filtered algebras, such as, for
example, the universal enveloping algebra of a finite-dimensional Lie algebra.
We will see below that the algebras O reg
q
((C×)n), Ohol
q
((C×)n), and C∞
q
(Tn) also
satisfy VdB(n). To this end, it is convenient to use “quantized” versions of bimodule
Koszul resolutions.
5. Bimodule Koszul resolutions and the bidimensions of the quantum
tori
Let A denote any of the algebras O reg
q
((C×)n), Ohol
q
((C×)n), or C∞
q
(Tn). For
each p = 0, . . . , n, consider the A-bimodule Kp = A⊗
∧p
Cn⊗A, where ⊗ stands
for the usual tensor product (over C) in the case where A = O reg
q
((C×)n) and for
the completed projective tensor product in the case where A = Ohol
q
((C×)n) or
A = C∞
q
(Tn). Fix a basis e1, . . . , en in C
n and consider the chain complex
0← A
µA←− K0
d
←− K1
d
←− · · ·
d
←− Kn ← 0, (4)
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where µA : K0 = A⊗A→ A is the multiplication on A, and the differential d : Kp →
Kp−1 is given by
d(a⊗ ei1 . . . eip ⊗ b) =
p∑
k=1
(−1)k−1
((∏
s<k
qisik
)
axik ⊗ ei1 . . . eˆik . . . eip ⊗ b
−
(∏
s>k
qikis
)
a⊗ ei1 . . . eˆik . . . eip ⊗ xikb
)
for a, b ∈ A and 1 ≤ i1 < . . . < ip ≤ n.
The following theorem is essentially due to R. Nest [21] and L. A. Takhtajan [33].
Although they considered only the case where A = C∞
q
(Tn), their proofs remain
valid for O reg
q
((C×)n) and Ohol
q
((C×)n) as well. For A = O reg
q
((C×)n), a similar
result was obtained in [11, 37].
Theorem (R. Nest [21], L. A. Takhtajan [33]). The complex (4) is exact. Moreover,
if A is either Ohol
q
((C×)n) or C∞
q
(Tn), then (4) is admissible. Therefore the complex
K• = (Kp, dp) augmented by µA is a projective resolution of A in A-mod-A.
The resulting resolution (K•, µA) is called the bimodule Koszul resolution of A.
The next proposition is proved by a direct computation.
Proposition 2. Let α be the automorphism of A uniquely determined by
α(xj) =
∏
i>j
qijxj (j = 1, . . . , n).
Then for each X ∈ A-mod-A there exists a chain isomorphism
hA−A(K•, X) ∼= (αX ⊗
A−A
K•)[−n]. (5)
The above bimodule αX is defined in a similar fashion to the bimodule Aα (see
above). The symbol [−n], as usual, denotes the right shift by n degrees.
By taking the cohomology of (5) and by using the obvious isomorphism αX ∼=
Aα⊗AX , we obtain the following.
Corollary 3. The algebras O reg
q
((C×)n), Ohol
q
((C×)n), and C∞
q
(Tn) satisfy VdB(n)
with twisting bimodule Aα.
Together with Proposition 1, this yields a bidimension formula for the quantum
tori.
Corollary 4. dbO reg
q
((C×)n) = dbOhol
q
((C×)n) = dbC∞
q
(Tn) = n.
6. The global dimension of the algebraic quantum torus
Computing the global dimensions of quantum tori is considerably more difficult
than computing their bidimensions. In the case of the algebraic quantum torus, this
problem was solved by J. C. McConnell and J. J. Pettit [20]. A more transparent
solution was subsequently given by C. J. B. Brookes.
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Theorem (C. J. B. Brookes [2]). For a subgroup H ⊂ Zn, let AH denote the subal-
gebra of O reg
q
((C×)n) spanned by the monomials xα = xα11 · · ·x
αn
n (α ∈ H). Then
dgO reg
q
((C×)n) = max{ rkH : AH is commutative }.
It may happen that AH is commutative only in the extreme case where H is cyclic;
in this case we have dgOq((C
×)n) = 1. As was shown by McConnell and Pettit,
this case is in fact generic:
Theorem (J. C. McConnell and J. J. Pettit [20]). Suppose that the multiplicative
subgroup of C× generated by the qij’s has maximal possible rank, namely
q(q−1)
2
. Then
dgO reg
q
((C×)n) = 1.
This theorem implies, in particular, that dgAq = 1 if q is not a root of unity. See
also [19, 7.11.3] and references therein.
To complete the homological picture of the algebraic quantum torus, let us observe
that w.dgO reg
q
((C×)n) = dgO reg
q
((C×)n) and w.dbO reg
q
((C×)n) = dbO reg
q
((C×)n)
because O reg
q
((C×)n) is noetherian.
7. The global dimensions of the complex analytic and smooth
quantum tori
At the first glance, the three above versions of quantum n-tori (i.e., the algebraic,
complex analytic, and smooth quantum n-tori) look very similar to each other.
Indeed, we have already seen that all of them have bimodule Koszul resolutions,
satisfy Van den Bergh’s condition VdB(n), and have bidimension n. It is natural to
expect that their global dimensions should also be equal to each other. This is not
the case, however. A crucial difference between the algebraic and locally convex (i.e.,
complex analytic and smooth) quantum tori is that the latter are nuclear Fre´chet
spaces.
Let us recall that nuclear locally convex spaces were introduced by A. Grothendieck
in the early 1950ies. We will not give the definition of nuclear spaces here, refer-
ring the reader to standard books on topological vector spaces (see, e.g., [29, 23]).
The class of nuclear spaces is rather large and contains, in particular, the spaces of
smooth and holomorphic functions on real and complex manifolds, as well as many
spaces of distributions. On the other hand, a normed space is nuclear only if it is
finite-dimensional.
One of the main advantages of nuclear spaces is that they often behave in much the
same way as finite-dimensional spaces. For example, all closed bounded subsets of
a complete nuclear space are compact. Another example: if X is a nuclear Fre´chet
space, and Y is any complete locally convex space, then the space L (X, Y ) of
continuous linear maps from X to Y is isomorphic to the projective tensor product
X∗ ⊗̂Y , where X∗ is the strong dual of X . In the setting of linear algebra, a similar
assertion holds only in the case where one of the spaces X, Y is finite-dimensional.
To formulate our next result, let us recall that an Arens–Michael algebra is a
complete topological algebra A such that the topology on A can be determined by a
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family of submultiplicative seminorms (i.e., seminorms ‖·‖ satisfying ‖ab‖ ≤ ‖a‖‖b‖
for all a, b ∈ A). Equivalently, an Arens–Michael algebra is an inverse limit of
Banach algebras. The latter assertion is often referred to as the Arens–Michael
decomposition theorem.
Most “natural” topological algebras (although not all of them) are Arens–Michael
algebras. Clearly, each Banach algebra is an Arens–Michael algebra. The algebras
of continuous functions on topological spaces and the algebras of smooth and holo-
morphic functions on real and complex manifolds are also Arens–Michael algebras.
On the other hand, the algebra E ′(Rn) of compactly supported distributions on
R
n is not an Arens–Michael algebra. For our purposes, an important fact is that
Ohol
q
((C×)n) and C∞
q
(Tn) are nuclear Fre´chet–Arens–Michael algebras.
Theorem 5. Let A be a nuclear Fre´chet–Arens–Michael algebra satisfying VdB(n).
Then
dgA = dbA = w.dgA = w.dbA = n.
Together with Corollary 3, this yields the following.
Corollary 6. Let A be either C∞
q
(Tn) or Ohol
q
((C×)n). Then
dgA = dbA = w.dgA = w.dbA = n.
It is interesting to compare the latter result with the above theorems of McConnell–
Pettit and Brookes. We see that, while the global dimension of the algebraic quan-
tum n-torus can be any number between 1 and n, the global dimensions of the
smooth and complex analytic quantum n-tori are always equal to n.
8. Global dimension versus bidimension
In this final section we discuss some general results on homological dimensions
of nuclear Fre´chet algebras. We have already noted above that for each Fre´chet
algebra A one has dgA ≤ dbA and w.dgA ≤ w.dbA. It is natural to ask whether
any of these inequalities can be strict. This problem was explicitly formulated
by A. Ya. Helemskii [15] and is still open. In all concrete cases where the above
dimensions are known we actually have dgA = dbA and w.dgA = w.dbA. It is in-
teresting to compare this phenomenon with the classical homological algebra, where
algebras with dgA < dbA or w.dgA < w.dbA exist in abundance. For instance,
the algebra A = C(t) of rational functions satisfies dgA = w.dgA = 0, because A
is a field and all A-modules are projective. On the other hand, it is known that
w.dgA = w.dbA = 1. Note that a similar example cannot be constructed within
the framework of Fre´chet algebras due to the Gelfand–Mazur–Z˙elazko theorem [41],
which states that every Fre´chet division algebra is isomorphic to C. Another purely
algebraic example is the algebraic quantum torus A = O reg
q
((C×)n); we have already
noted above that dbA = w.dbA = n, while dgA = w.dgA can be any integer
between 1 and n. Corollary 6 shows that this example apparently has no analogue
in the Fre´chet algebra context.
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In view of the above-mentioned problem, it seems natural to establish the equality
dgA = dbA or w.dgA = w.dbA if not for all Fre´chet algebras (which is rather
doubtful), at least for some natural and sufficiently large class of them. One such
class is given by the next theorem.
Theorem 7. Let A be a nuclear Fre´chet–Arens–Michael algebra. Suppose that
w.dbA <∞. Then w.dgA = w.dbA.
The proof is based on the above-mentioned Arens–Michael decomposition theo-
rem, on some results of V. P. Palamodov [22] on the vanishing of the derived inverse
limit functor lim
←−
1, and on the author’s results [24] on factorization of nuclear oper-
ators.
It is natural to ask whether Theorem 7 can be extended to the “strong” dimensions
dg and db. Unfortunately, so far we have only an essentially weaker result on dg
and db. Let us say that a Fre´chet algebra A is of finite type if A has a projective
resolution in A-mod-A consisting of finitely generated bimodules. For example, the
algebra C∞(D) of smooth functions on an open set D ⊂ Rn and the algebra Ohol(D)
of holomorphic functions on a polydomain D ⊂ Cn are of finite type, because they
have bimodule Koszul resolutions (see Example 2). As was shown by A. Connes
[5], the algebra C∞(M) of smooth functions on a compact manifold M is of finite
type provided that M has a nowhere vanishing vector field. The algebra Ohol(V ) of
holomorphic functions on a nonsingular affine algebraic variety V is also of finite type
[26]. Nest–Takhtajan’s theorem (see above) implies that C∞
q
(Tn) and Ohol
q
((C×)n)
are of finite type. For more examples, see [27].
Theorem 8. Let A be a nuclear Fre´chet–Arens–Michael algebra of finite type. Sup-
pose that dbA <∞. Then dgA ≤ dbA ≤ dgA+ 1.
Theorems 7 and 8 may be compared with the situation in the classical homological
algebra, where similar results seem to exist only for finite-dimensional algebras [8,
1, 12]. Thus the above theorems may be viewed as illustrations of the well-known
principle saying that nuclear spaces often behave in much the same way as finite-
dimensional spaces.
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